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Abstract A general quantum constraint of the form C = 8> B — I <g> H (realized in 

particular in Loop Quantum Cosmology models) is studied. Group Averaging is applied to define 
the Hilbert space of solutions and the relational Dirac observables. Two cases are considered. In 
the first case, the spectrum of the operator \ti 2 B — H is assumed to be discrete. The quantum 
theory defined by the constraint takes the form of a Schrodinger-like quantum mechanics with 

a generalized Hamiltonian 1 H. In the second case, the spectrum is absolutely continuous 

and some peculiar asymptotic properties of the eigenfunctions are assumed. The resulting Hilbert 
space and the dynamics are characterized by a continuous family of the Schrodinger-like quantum 
theories. However, the relational observables mix different members of the family. Our assumptions 
are motivated by new Loop Quantum Cosmology models of quantum FRW spacetime. The two 
cases considered in the paper correspond to the negative and, respectively, positive cosmological 
constant. Our results should be also applicable in many other general relativistic contexts. 
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MOTIVATION TO UNDERSTAND QUANTUM CONSTRAINTS 



To construct a canonical quantum theory out of the classical theory with constraints, like quantum gravity, one 
usually employs Dirac program, in which the physical Hilbert space is built out of the space of solutions to the 
constraints represented as quantum operators acting in the kinematical space. The formulation of the program however 
allows for a certain amount of ambiguity in performing particular steps. One of its sources is the identification of 
' the precise constraint condition, that is the exact mechanism, via which the constraint operator selects the physical 
Hilbert space. Another one is the formulation (and meaning) of the physical evolution of the system. A proposal 
which in many examples provides a systematic way to address the first issue is known as Group Averaging 0,[2|. That 
\ framework combined with the idea of "partial" or "relational" observables [J, |5j, provides also in a precise way the 
solution to the second problem. Therefore it seems to be the most promising tool to complete the task of constructing 
Qs, ' canonical quantum gravity. 

One of the formulations of such theory being particularly close to the point of completion is Loop Quantum 
Gravity @, 0, B coupled with Brown-Kuchar dust fields Q. There one selects one of the dust fields as internal time 
• i-H , and deparametrizes the theory with respect to it. The Hamiltonian constraint is reformulated as the Schrodinger 
^ • equations generating an evolution with respect to selected time. On the other hand, one can apply the methods 
of group averaging directly to the constraints in their original form. That possibility in turn opens the room for a 
question, whether both physical pictures resulting from these approaches do necessarily coincide. 

The suggestion, that the answer to this question might be nontrivial comes from Loop Quantum Cosmology flfi 
Ull which constitutes a good testing ground for Loop Quantum Gravity. The LQC models share more common 
features with LQG than any other example (llI[T3|. At the same time they are technically simple enough to study the 
mathematical properties of quantum constraints [1J|, the structure of physical Hilbert space, the quantum solutions 
and observables flR fl6|. In the context of considered problem the signal of possible inequivalence (at least in some 
situations) shows up at the level of the basic properties of the operators involved in each approach. IndeecLthe studies 
of the models of Friedman- Robertson- Walker universes with positive cosmological constant reveal [3, [l?], US] that, 
while the quantum Hamiltonian constraint (the substrate for group averaging) operator is essentially self-adjoint, the 
evolution operator in the Schrodinger picture is not. In consequence the two approaches seem to give different answers 
even to the question whether the defined physical evolution is unique. 



'Electronic address: wkaminsk@fuw.edu.pl 
^Electronic address: lewand@fuw.edu.pl 
'"Electronic address: tomasz@iem.cfmac.csic.es 



2 



We address the issue of equivalence between group averaging and Schrodinger picture in this article. For the 
universality we focus our attention on an (abstract) constraint, whose structure and certain properties (relevant 
for this problem) coincide with the ones of the Hamiltonian constraint describing FRW model with nonvanishing 
cosmological constant in LQC fl7t HsL [l9| . This makes the results (perhaps after suitable generalization) extendable 
to more general cases, potentially including in particular LQG with Brown-Kuchar dust fields. 

To start with, let us define, what we understand in our studies as the Schrodinger picture. For that let us consider 
a quantum constraint operator 

Ci = —of-i®^ (i.i) 

defined in the Hilbert space L 2 (R) ® Ti. where is the derivative operator. If we write the action of the quantum 
constraint operator as 

(tV)(T) = \^{T) - H4>{T) , (1.2) 

then everybody will agree that a reasonable definition of solution to C\ is: 
a function 

R3T ^ ip{T) e H , (1.3) 

such that 

\^{T) = MT) ■ (1.4) 

The structure of the solutions to C\ takes then the structure characteristic to the Shrodinger quantum mechanics 
with the Hamiltonian operator H and the Hilbert space Tt Q. An operator defined in Ti (kinematical observable) 
defines an operator acting on the solutions of the constraint (Dirac observable) provided an instant T = To is given. 
In the Special Relativity context, a more common example is a quadratic constraint, that is 

C 2 = (1.5) 

which however can be reduced to the previous case by employing the decomposition onto positive and negative 
frequency sectors and writing (|1.5p as 

~m - iv^vco • (i-6) 

% al 

A further complication emerges in the General Relativity context, where a quantum constraint operator can take 
the following form, 

c = -JL^®b-i®h , (i.7) 

where B is an operator in Ti. Then, typically one turns the constraint into the following equation 



\^{T) = ±Vb^Hi/j(T), (1.8) 

defined in the Hilbert space obtained from Ti by a suitable change of the scalar product [THUS]- This prescription, to 
which we will refer to as the Schrodinger picture, has been in particular quite extensively employed in the description 
of the dynamics of LQC models (see [la. [TtI. Hij l20l. [2l| and in the modified form adopted to polymeric space structure 
0). 

On the other hand, there is being developed a more general, systematic treatment of quantum constraint expressed 
by a self-adjoint operator of arbitrary form. The space of solutions is defined by the spectral decomposition of the 
quantum constraint operator, the Dirac observables are constructed by using relational observables Q This is a special, 
1-constraint case of the Group Averaging (G A) method (or "rigging map") [3, 0, Q • In the simplest cases Hl.lll.5p , 
the spectral/GA method is known to give simply I|1.4)1.6J1 . Our goal, is application of the spectral/GA methods to 
a quantum constraint of the form l|1.7p , derivation of the Hilbert space of the solutions and comparing it with the 



3 



structure provided by the Schrodinger picture following from l|1.8p . We consider two cases, given by two different sets 
of assumptions. In the first case, denoted here as the discrete one, the spectrum of the operator H is assumed to be 
discrete. The results of the group averaging are equivalent to those of the Schrodinger picture. An advantage in this 
case is that we arrive to the result via systematic application of a quite general method. In the second case (denoted 
as continuous one) the spectrum of H is absolutely continuous. In here we impose some additional assumptions 
concerning the asymptotic behaviour of the eigenfunctions forming the basis in the spectral decomposition. In this 
example, the derived space of solutions has a more interesting structure. In particular, it turns out that while the 
right hand side of (|1.8p can not be uniquely defined, the result of group averaging is unique. The observables derived 
systematically via the latter method have in this case even more suprising properties. At this point however the 
reader should be aware, that, while the latter case was denoted as continuous, the continuity of the spectrum of C 
is not enough to ensure the reported properties. In particular there exist examples, for which both the spectrum of 
B~ X H and (the part of) the spectrum of C are continuous, nonetheless both the operators define a unique physical 
evolution. The asymptotic properties of the basis functions play here an essential role. 

We introduce the discrete and continuous case by formulating the assumptions it satisfies, rather then by giving two 
specific examples. However, examples do exist and we found them in Loop Quantum Cosmology, more precisely in the 
model of the massless scalar field coupled with the homogeneous, isotropic universe fl6l. H7L fl9l . The properties of the 
quantum scalar constraint operator depend there on the sign of the cosmological constant [13j. The quantum scalar 
constraint with the negative cosmological constant is a specific example of the discrete case, whereas the constraint 
with the positive cosmological constant provides the original example of the continuous one. Our attention to the 
problem considered in this article was drawn exactly by certain puzzling observation concerning the quantum scalar 
constraint corresponding to the positive cosmological constant. On the one hand, the operator on the right hand side 
of (ll.8j) admits many inequivalent self-adjoint extensions. Each extension defines a distinct Hilbert space of solutions 
and a distinct quantum theory, which however provide same physical predictions. On the other hand, the quantum 
constraint operator C \1.7\ has a unique self adjoint extension for arbitrary cosmological constant [13j and via the 
spectral/GA method it defines a unique quantum theory. Then the natural question arises: what is the relation 
between the solutions according to the spectral/GA method, and the solutions defined by each self adjoint extension 
of the right hand side of (|1.8p ? Also, how do the Dirac observables enter those spaces of solutions? The results 
presented here provide a solution to that puzzle. 

The paper is organized as follows. We start with a general introduction to the Group Averaging in Section ITT1 
(subsections III Al and III Bp . In the description we smuggle in a somewhat original, generalized formulation. Our 
formula for the relational observables is slightly different than that in 0| and coincides with that of [l[ . 

After the general introduction we discuss in more detail the spectral / G A method in a case of a constraint which 
has the structure considered in our paper, that is the constraint characteristic to the model of FRW universe. This 
provides the starting point to the technical part of our paper. 

We start it with the summary (in Section Hll|) of the results derived in the paper. The actual detailed derivations are 
contained in the following Sections IIVI and FVl dedicated, respectively, to the discrete and continuous case. Each of the 
sections is concluded with an individual short summary and discussion, however the main results, their consequences 
and possible extensions are discussed in the concluding Section IVll 



II. GROUP AVERAGING FOR A FINITE DIMENSIONAL GROUP 



The group averaging procedure introduced in [2] is a powerful and quite universal method allowing to define physical 
Hilbert space in constrained quantum systems as well as provides a way to build Dirac observables. In this section 
we present a brief introduction to this procedure, considering it on two levels: classical and quantum. After general 
discussion we focus on the systems with 1 constraint, represented by the models of FRW universe studied in LQC. 



A. Classical formulation 



Consider a classical theory in a phase space V equipped with a Poisson bracket {•,•}. Suppose the physical phase 
space of the system is a submanifold of T satisfying 

Ci = , . . . , C d = , (2.1) 

where C\, Cd are some real valued functions on Y which satisfy the Poisson bracket relations 

{d,Cj} = afjC K , (2.2) 
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with the coefficients afj being constant numbers. Then, the constraints define a d-dimensional Lie group, say G, of 
the gauge transformations of the theory. The right action of the group will be denoted by 

GxT3 ( 5 , 7 ) i * 75 ■ (2-3) 

Every constraint function Cj corresponds to a left invariant vector field tangent to G such that for every function 
/:r->R, 

A/( 7 exp(^/)) = {/,Cj}(7) ■ (2-4) 

A (strong) Dirac observable of that theory, is every function F : T — ► M invariant with respect to the action of the 
gauge group G. That definition is complete, but from the point of view of the applications in the quantum theory, it 
is important to have an analytic formula that expresses a given Dirac observable by some explicitly known functions 
on T and their Poisson brackets. Such observables are provided by the framework of the relational observables [5]. We 
introduce now our generalized formulation of this framework motivated by (in the main part of our paper which 
concerns a 1-constraint case, our formula anyway reduces to that of 

Given: a function F : T — > K, a point 7 S T, and g E G, we will denote by F(j-), and, respectively, F{-g) the 
following functions 

F( T ) ■ G 3 g h- F( 19 ) , and F(-g) : V 3 7 ^ F{jg) . (2.5) 

To turn functions defined on T into Dirac observables, we choose sufficiently generic reference functions T 1 : T — *• M, 
/ = 1, d. Ideally, each set of points defined by condition 

T 1 = t\ T d = t d , t\...,t d eR (2.6) 

should define codimension d submanifold in T transversal to the orbits of the group G and intersecting each orbit in 
at most one point. This conditions can be relaxed, by assuming it holds on a sufficiently small neighborhood of a 
given point 70 € V. Then, given: 

• a function F : T — > K -the function we want to "observe"- of a support in the neighborhood of 70, 

• a point 7 € T, and 

• numbers t 1 , . . . , t d e R, 

the function F^ Td {1 {< n defined via the integral 

f \dT\ T ) A ... A dT d ( T ) I F(r) f[ 6{T l ( T ) - t 1 ) =: ^,...,^,...,^(7) • (2.7) 
Jg 1=1 

is a Dirac observable, whenever well defined. 1 On the intuitive level, FR, X Td ti t d^(l) is ^(7') where 7' is the 
intersection of the gauge group orbit passing through 7 with the surface T 1 = t 1 . 

The formula will be even more useful when we express it in terms of a left invariant Haar measure on G. For this 
purpose we use a decomposition of each 1-form dT 1 ^-) on G into a coframe of left invariant 1-forms (w 1 , . . . , uj d ), 
dual to a frame (£1, . . . , of left invariant vector fields on G, namely 

dT"( T )|.= s = 0(T / (7-)k^ J - {!"(•<,), C.,}!.^ 1 • (2.8) 
The coframe determines a normalization of the left invariant Haar measure 

d/jjk = Icj 1 A ... A u d \ . (2.9) 
The integral l|2.7p can now be expressed in the following form 

^V..,T*,tV..,t*)(7) = / d^ Cg) ^| e A..^ { r\C / J(73)...{^C / J(75)l^(75)n^ / (^^^ (2.10) 

^ U - 7=1 

which will be used in the next subsection as the basis for quantization. 



The restriction on the support of / can be passed in the standard way to a partition of unity, a family of functions (ka)a, whose 
supports satisfy the suitable condition, and such that 5Za k a = 1- However, still the integral may take infinite value or be undefined 
at a given point 70, for example when both the group G and the orbit passing through 7, respectively, is one dimensional, but there are 
infinitely many different elements gi,...,g n , ... 6 G which act on 7 as identity. 
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B. Quantization 

A general scheme of the corresponding quantum theory is not complete. Some technical details can be fixed only 
when we pass to examples (it is conceivable in some pathological cases the scheme does not work). We will however 
successfully complete it for the discrete and continuous case studied in Section [IV] and [V] 

Let 7ikin be a Hilbert space in which to every function F : T — > R we assign an operator F defined modulo the 
ordering ambiguity, and such that the known quantization relations are satisfied. In particular, let C±, ldots,Cd be 
quantum constraint operators and suppose 

GBg » U(g) G U(H kin ) (2.11) 

is the corresponding unitary representation of the group G. (We are assuming here the quantum constraints generate 
a group of unitary transformations in the Hilbert space Hkin isomorphic to G.) 

Our aim now is to define a quantum counterpart of the classical constraint equation Cj = 0, and the quantum 
Dirac observables, quantum counterparts of l|2.10p . 

Suppose now there exists a decomposition of 7ikm into irreducible unitary representations of G, 



r<8 

H kin = / dp{p)H kin , p , (2.12) 



where throughout this paper we use the notion of a formal integral of Hilbert spaces defined for a measurable space 
(X,fj,), and a family of the Hilbert spaces (H x )x£X equipped with the Hilbert space structure 

{v x )xex +a(w x ) xeX ■= (v x + aw x ) xeX , (2.13a) 

{(v x )xeX I (w x ) xe x) ■= J dp(x)(v x \w x ) x . (2.13b) 

The formal integral Hilbert space and its elements, respectively, will be denoted by 

/ dp(x)H x 3 / dp(x)v x . (2.14) 
Jx J X 

Here, the measurable set X is the space of the irreducible representations of G, and each of the Hilbert spaces 7ikin,p 
has the structure 

Wkin.p = V p ®H kin ,p , (2.15) 

where the action of the group G in H km passes to 

U(g)(v p (E>ip p )p e x = (p(g)vp<g>ip p )p e x ■ (2.16) 

To define solutions to the quantum constraints C7, I — 1, . . . , d we need some extra structure of continuity around 
the trivial representation p , which makes a limit 

lim ftkin.p (2.17) 

well defined. For example, this is the case if there is a natural isomorphism 7ikin,p = ^kin,p f° r P sufficiently close 
to po. Such a situation may occur in case where all constraints commute. As usually "=" means the existence of a 
unitary isomorphism between the Hilbert spaces. The methods for singling out Wkinp are presented in jjjj]. We briefly 
sketch them in Appendix [Al 
Having said all that, we define: 

Definition 1. A solution to a quantum constraint defined by the constraint operators C\ ... , C d is each element ip 
of the Hilbert space Hkm,p * n ^ e decomposition &2.12]) . A Hilbert space of solutions is the Hilbert space 7ikin,p - 

Each solution i\) € Wkin,p to the constraints can be thought of as a functional 

H3^ - (iMl^oU (2-18) 

well defined on the domain of elements of TC^n represented by families (i/j' p ) p continuous in p (this is where the notion 
of the continuity is relevant) . 
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Having the physical Hilbert space defined, lets turn our attention to the observables. A Dirac observable F is an 
operator in H corresponding to a classical Dirac observable F B and compatible with the decomposition (|2.12[) in the 
natural way 

F»(^ p ) p = (Py p ) p . (2.19) 

We will assume (and prove in he cases considered below and introduced in Section HJ) some continuity of F B (ij} p ) p 
with respect to p on the vectors from the domain V. A formal definition will be provided in appendix [Aj The Dirac 
observable defined in the Hilbert space of solutions is the component operator F° acting in the physical Hilbert space 
Tt pa . An equivalent definition of this operator in terms of <|2. 18|) . is provided just by the duality. 

In the class of examples considered in this paper, the quantized version of the integral l|2.10p . that is 

^,...W,...,^)(7) = ^jf d^CffWff^Sym^ U(g) (2.20) 

is well defined operator in the kinematical Hilbert space H and takes the form (|2. 19|) , therefore it defines an observable 
in the Hilbert space of solution H po . The symbol "Sym" stands for a symmetrization making the product of non- 
commuting operators a symmetric operator (or, at least a symmetric sesquilinear form on the domain V). Explicit 
form of this symmetrization will be adjusted to specific examples in order to recover correct results for some testing 
model observables. 

Remark If the constraint functions in the classical theory are defined modulo transformations 

C'i = NfCj (2.21) 

and Nj are functions on T themselves, then the quantum counterpart may lead to several ambiguities: factor ordering, 
the particular form of the resulting space of solutions. We will discuss them in context of particular examples studied 
in the next subsection. 



C. 1-constraint Hamiltonian systems 



The structure of a constrained Hamiltonian system considered in this article stems from the Loop Quantum Cos- 
mology models of isotropic and homogeneous universes (of negative in the first example, and positive in the second 
one cosmological constant) filled with a massless scalar field 0, E3, [3 ■ In the paper we will introduce only those 
general elements and assume only those general properties which are needed for our characterization of the solutions 
to the quantum constraint and for the definition of the Dirac observables. In this sense the presented constructions 
will be somehow abstract, but directly applicable to the models they stem from. Although, our investigation regards 
the quantum theory, we invoke first some information about the classical one in order to provide an intuition needed 
as a basis for the constructions implemented in the quantum models. 

The kinematical phase space I\i n is the Cartesian product T sc x r gr , where r sc = {(T, n) G R 2 } (T is the 
homogeneous scalar field and n its momentum), with the Poisson bracket 

df^dG _d£dG 

and T gr = {(v,p v ) G R 2 } is the part corresponding to the gravitational degrees of freedom. 

The gauge group G is 1-dimensional, isomorphic to R. The left invariant vector fields tangent to it correspond to 
one constraint 

C = in 2 B + C gr , (2.23) 

where B and C gr are functions defined on the gravitational phase space T gr . The function C is at the same time the 
Hamiltonian of the theory, that is it generates the physical evolution of the system. 

The system admits one obvious Dirac observable: the function n. To construct the other ones we apply the method 
described in Section Hi Al and specified via an integral <|2.2Q[) . As a time variable we choose the function T. 

For the 1-dimensional gauge group and upon the choices specified above, the integral (|2.20|) corresponding to a 
given kinematical observable F (a function defined on r sc x r gr ) reads 



F(T,t) (7) = / dr | n( 7 (r))B( 7 (r)) | F( 7 (r))5(T( 7 (r)) - t) , (2.24) 
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where 

r ^ 7 (r) , 7 (0) = 7 (2-25) 

is the flow generated by C, and the Poisson bracket in (|2 . lOjl was replaced via use of the identity, 

{T, C} = TIB . (2.26) 

The question relevant for our studies is what is the form and properties of ^ , once as F we select a Dirac 
observable, that is if 

{F, C} = . (2.27) 

The answer to it depends on the properties of the flow generated in the phase space by the Hamiltonian constraint C. 

If the function T restricted to every orbit of the flow of C, ranges from =Foo to ±oo, and the map G 3 g i— ► is 
1-1, then 

F (T.t)h) = F (l) whenever n( 7 ) ^ . (2.28) 

On the other hand 

n( 7o ) = 0, andT( 7o ) +t implies F (7 \ t) ( 7o ) = 0. (2.29) 

For this case an application of the construction (|2.20p to II itself gives the function itself 

lif Tt) = n . (2.30) 

An example of a classical model of that property is provided by the discrete case defined in Section [II] and studied in 
detail in Sections IIIII and llVl 

Another possibility, represented by the continuous case studied in Section |V1 is that T restricted to each orbit of 
the flow of C is bounded, and its supremum/minimum T ± (7) depends on a point 7. Then, the function F^ t (j) 
corresponding to given Dirac observable F and chosen value of the parameter t takes the form 

y ' ' 10, otherwise. 

The above formula is a generalization of <|2.29|) which thus can be thought of as just a special case of it. 

Having at our disposal the above classical framework, which is adopted to the 1-constraint case studied in this 
subsection, we can now turn our attention to its quantum counterpart. We construct it by restricting the prescription 
presented in Section Hi Bl in a way analogous to the one performed above on the classical level. 

For considered class of systems the kinematical Hilbert space takes the following form, 

H kin = L 2 (M) (g) H gr , (2.32) 

with Tt gI being some general Hilbert space whose detailed properties are not relevant for our studies in the discrete 
case, and they will be further specified in the continuous case. The scalar products in the Hilbert spaces 7ikm, and 
H gr , respectively, will be denoted by (-|-)kin, and, respectively, (-|-)gr- The operators T and II are defined in L 2 (R) as 

TV(T) = Tfl>(T) , fty(T) - ]^( T ) ■ (2-33) 
The quantized scalar constraint takes the following form 

C = ifl 2 <g> B + I <g> C gr , (2.34) 

where the operators B, B~ x and C gr are defined in a same domain T> gr C H gr , each of them is essentially self adjoint. 
We will be also assuming that B is bounded (i? -1 may be unbounded). 

The decomposition l|2.12p needed for the identification of the space of solutions is provided just by spectral decom- 
position of the operator C, that is 



Wkin = / dMc(c)H kin , c . (2.35) 
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where 7i k i n , c is a family of the Hilbert spaces, labeled by c e M and having a natural vector space structure and the 
Hilbert product 



((VOclWv)c') = / dfi 6 (c)(ip c \i;' c ) c . (2.36) 

with the action of the operator C being 

C{^c)c = {cip c )c . (2.37) 

For the constraint of the form (|2 .34(1 . to find the spectral decomposition of the operator C, it is easier to first use 
the spectral decomposition defined by the operator II 

Hki„ = / dMn(n)H ki „,n , (2.38) 

as it is quite explicit, 

d^ ft (n) = dn , H kin ,n = H gr . (2.39) 
The unitary map L 2 (R) ® 7i gr 9 i/j i— > J® dn-0 n is in this case defined by 

i>(T) = [°° ^e™ T ^n , (2.40) 

J-oo V27T 



where ip is thought of as a H gr valued function T i— > tp(T), 

In the next step we apply the above decomposition, considering for each n G K the operator 

C* n := in 2 B + Cg, , (2.41) 

defined in the domain V gr C H gr , and the spectral decomposition corresponding to it. As a result we arrive to a joint 
spectral decomposition 



W k in = / dnd/x^ (c)W kin , nc . (2.42) 



As the value of n enters explicitly into the measure d^i^ (c) , the above construction is sensitive to the order in which it 

was performed: II first, C second. In consequence one cannot immediately extract the Hilbert structure corresponding 
to the space of the solutions to the constraint. However, the joint spectrum endowed with a measure is independent 
of the order. To rewrite the decomposition into a useful form we need to invert the order, by reexpressing the measure 
in (f2T42|l as 

dnd^ (c) = d//(c)d// c (n) =: d^(c)d^ c (n) , (2.43) 
and constructing the desired decomposition 

Hkln = / d/Z^c) / dM c (n)W ki n,nc . (2.44) 

On the technical level our aim is the characterization of the structure of the Hilbert spaces 

/•e 

Wkin,c = / d^ c (n)7Y kininc (2.45) 

in a neighborhood of c = 0, as well as the structure of its elements. 

Once we have the Hilbert space structure of the space of solutions to the constraint at our disposal, the next task 
is to define useful Dirac observables, by providing a precise meaning to the formula (|2.20p . In the case at hand that 
integral reads 



P D 

t (T,t) 



J dre- jrc5 Sym ( | TLB | FS(f - fl)) e" d , (2.46) 
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and is identified with the following sesquilinear form defined in 7ikin 

-» ^\F D T,t)V) ■■= J^tJ dr((e^)(T)| (Sym ( | EB | F5(f - ft)) (e iT< V)) (T)) . (2.47) 

In the examples studied below, that form will be defined by an operator preserving the spectral decomposition of the 
operator C and defining by the duality an operator in each subspace Hkin.c, in particular at c = 0. 

It is worth remembering, that the operator II is a quantum Dirac observable itself, without using the integral. 
However, we will also construct IlJ^ t ~. for the comparison. 



III. THE RESULTS 



For the rest of this paper we focus on the detailed studies of the systems with the structure of the constraints as 
defined in Section Hi CI For the clarity of the presentation, we provide in this section an outline of the results as well 
as the detailed sketch of the techniques used to arrive to them. The detailed proofs and derivations are presented 
in the next two sections, corresponding, respectively, to the discrete and continuous case, as defined at the end of 
Section [J 

The departure point for the rest of this paper is the spectral/GA framework (|2.32Il2~47)l . We examine the two 
cases mentioned above and contrast the differences. The discrete case turns out to be a model case in which the 
Hilbert space of solutions to the constraint and the Dirac observables derived by using the spectral/GA framework 
(|2.32Il2~47|l coincide with those following from the Schrodinger picture (jT78j) . In the continuous case, on the other 
hand, the result of I|2.32l - l2~47)) is different, than the one obtained from (|1.8p and the properties of the observables are 
even more surprising. 

Both the considered cases are defined just by a set of assumptions outlined below: 

I. Discrete case (Section lTV| For every n £ K, the operator C n = ^n 2 B + C gI is assumed to define an orthonormal 
basis {e n!C?i ( n ) | n £ N} of the Hilbert space H gl - which consists of eigenvectors, 

C n e UtCn ( n ) = c n (n)e njCn(n) . (3.1) 

Additional technical assumptions ensure the continuity, differentiability and non-degeneracy of relevant functions 
constructed from the map (n,n) i— > (c„(n), e„ jCri ( n )) (of course the map is even in the variable n). We are also 
assuming that 

Cgr < -c < . (3.2) 



II. Continuous case (Section[V| The Hilbert space H gr is further specified as L 2 (R, dv^) with a suitable measure. 
The domain on which each of the operators C n including C gr is essentially self adjoint is the subspace V gr of 
C X> (M) (smooth functions of the compact support) 2 . The operators B and C gI are extended by the duality 
onto the space of functions on R dual to C§°. For every n > 0, there is a normalized to the Dirac delta basis 
{e njC | c £ R} of H gI which consist of the eigenfunctions of C n , 

Cn&n,c = C6 n c . (2-3) 

The key assumption which makes this case essentially different 3 than the previous one, concerns the asymptotic 
behaviour of the eigenfunctions, namely we impose 



lim / dv (v) (e nyC (v)C gr e n ^(v) - C gI e nyC (v)e nyC >(v)) = bsm(a(n, c) - a(n, c')) , (3.4) 

where b £ K is a constant and (n, c) i— > a(n, c) is a function. Again, extra technical assumptions are imposed to 
ensure the non-degeneracy and the differentiability of the relevant structures. 



2 In the LQC example which gave rise to this case, the measure duo(v) = "}2 n£ mS(v — n), and the differentiability does not play a role 

3 The obvious difference is the continuity of the spectrum of Cn , but it would not be sufficient for the peculiar properties that emerge in 
that case. 
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For each of the two cases defined above we construct the physical Hilbert space and Dirac observables by applying 
the methods specified in Section ITlCl This is performed in the following sequence of steps: 

• The first step is finding the Hilbert spaces Hkin,c components of the righthand side of <|2.42|) by identifying 
the complete spectral decomposition of the quantum constraint operator C — ^it 2 (g) B + 1 ® C gI . Since in both 
the discrete and the continuous case c = is a measure zero point of the spectrum, we first consider solutions to a 
quantum constraint C — c for arbitrarily fixed value c £ I in a neighborhood of c = 0, before setting c = 0. For 
both cases we define a set of (auxiliary) Hilbert spaces Hmsi.c which are formed by the functions ("solutions" to the 
constraint) 

E n , c : T h-> -i=e mT e n , c , . (3.5) 

V 27T 

The set of the values n and the scalar product depend on the case. 

In the continuous case, n runs through the set of all the real numbers, and the scalar product in 7ikin,c (that is the 
"physical" scalar product of 7ikin,c) is 

(E n .c I £ n ',c)km,c = S(u - n') . (3.6) 

In the discrete case, the value of n in E n ^ c ranges a discrete set {±n„(c) : n € N} depending on the fixed value of 
c, where, given n, the function c i— > n„(c) is the inverse function to n i— > c„(n) restricted to n > 0. Notice, that 

n„(c) > , for every neN (3.7) 

due to the assumption c E (— Co, c ). 

The scalar product in Hkin,c equals in that case 

dc n 

{Enn(c),c I ^n„/(c),c)kin,c = |n=n„ (c) $n,ri = (-S-n ra (c),c I E-a n i (c),c)kin,c j (3.8a) 

(£-n n (c),c|-En„,(c),c)kiii,c = 0. (3.8b) 



• The second step, is to view the quantum constraint and its solutions (|3.5p as a unitary evolution in a suitable 
Hilbert space TL C formed by the eigenvectors/eigenfunctions e n , c and equipped with a new scalar product (• | -) c which 
replaces the old one (-|-)gr- The new scalar product (-|-)c is determined by (|3.8a|3.8b|) and, respectively l|3.6p . to be 

( e n„(c),c I e n„/(c),c)c = 27r( — ™^ - )~~ 1 8 n . n i , in the discrete case, (3.9a) 

(e n , c | e n ' iC ) c = 5(ir — n') , in the continuous case, (3.9b) 



where n G M + , because e- nyC = e n 

With the scalar product (• | -) c , the product (• | -)kin, c between the solutions to the quantum constraint can be 

evaluated at any "instant" of the variable T in E n , c (T) = -p=e znT e„ :C . In the discrete case, the equalities i|3.8a|3.8bp 
give 

(E an (c),c I ^n„,(c),c)kin.c = (J5n B ( c ) )C (T) | E^, ( C ), C (T)) C , (3.10a) 

(■ B -n n (c),c|-E-n n ,(c),c)kin,c = (E-n n {c)A T ) I E ~n rl , (c),c(^))c , (3.10b) 

(E-u n (c),c I £ ; n n ,(c) : c)kin : c = 0. (3.10c) 

whereas in the continuous one due to Q3.6P the scalar product reads 



(En, c I B n ',c)km,c - (^n,c(T) | B n ', c (T)) c , for tttt' > , (3.11a) 

(E n ,c | Bn', c )km,c = , otherwise. (3.11b) 

Having at our disposal the scalar product we can define the unitary evolution. To do so we note that a map 

(e n ,c,e n ', c ) i-> £7|n|, c + -E-H>c ( 3 - 12 ) 
determines a unitary Hilbert space isomorphism 

Ti c ® Ti c — > Hkin.c ■ (3.13) 
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By Tt^in c and, respectively, T~t kin c we denote the images of the first, and respectively the second term. 
Finally, the unitary evolution 

u(t) ■. n c ®n c -» h c (sh c (3.14) 

dictated by the quantum constraint C — cl amounts to 

(e n , c ,e nV ) » (E H , c {T),E_ wlc {T)) . (3.15) 

Note that up to this point the only difference between the discrete and the continuous case is in the discreteness 
versus the continuity of the label n. 

• The third step, is to find a relation of the scalar product (• | ) c and of the Hilbert space H c with H gI and 
its scalar product. This step is both important and nontrivial, because the eigenvectors/eigenfunctions e nyC have been 
defined in terms of Tt gT , and given fixed n, the corresponding set of e niC s is a basis of Tt gT , orthonormal in the discrete 
case, and, respectively, Dirac delta-orthonormal in the continuous one. However, now we fix c and let n be arbitrary. 
The product (• | -) c has been introduced just by declaring its values (e niC |e n ' )C ) c . A clue in how to relate these two 
inner products is provided by the following equation satisfied by the eigenfunctions/eigenvectors e n , c , 

2B-\C gl . - ci)e n , c = -n 2 e n , c . (3.16) 

From the symmetry of C gr follows immediately, that the operator on the left hand side is symmetric in the domain 
T> gr of the operator C gr with respect to a new scalar product (recall that B is bounded) 

(■\-)b ■= H^gr. (3.17) 

The Hilbert space obtained from 7~i g r endowed with this new scalar product will be further denoted as 7~(- gY q • 

In the discrete case one can retrieve the relation between scalar products almost immediately, namely, given c, one 
can show that the set of vectors {e nji ( c ). c € H gI | n € N} turns out to be orthogonal in H gI g, as 

1 dc„ 

( e n n (c),c\Be n ( c ) c ) gr = TT-J— K,n> , (3.18) 

n„(c) dn n=n n (c) 

and the scalar product (• | -) c can be reexpressed in the following way, 

(e n „(c),c|e n „,(c).c)c = (e n „(c)xl n n'( c )^ e n„,(c),c)gr ■ (3.19) 

The continuous case is a bit more complicated. There, the analogy would be complete if it was true that 
(e niC |-Be n ',c)gr equal -S(n — nf). It is not the case, though. Instead, the derivation of the product reveals the following 
result 

(e„, c \Be*i ,cj g r = 26 . (3.20) 

n z — u' z 

It follows then, that again each e njC £ H gI g and the product equals 

, a b 9a(n, c) 

(e n , c \Be a , c gr = . 3.21 

n an 

Combining (|3.20I3.21[) with the definition (|3.9b|) of the scalar product (• | -) c we find the desired relation 

(e n ,c\e n ',c)c = (e n , c |n'-Be n / !C ) gr - 5(sin(a(n,c) - a(n',c))) . (3.22) 

The consequence of these results 1|3.19|1 in the discrete and (|3 . 22[) in the continuous case, is that the space of 
solutions to the quantum constraint C — c can be represented in terms of the unitary evolutions in the Hilbert space 
Ti. gr The continuous case however is essentially different than the discrete one. Let us now discuss the nature of 
the difference with a bit more detail. 

In the discrete case, the Hilbert space H c can be identified with (unitarily mapped onto) a subspace of the Hilbert 
space TL gr ^ , by means of a unitary embedding 

e n , c !-> Vne n . c . (3.23) 
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The operator 2B 1 {C gr — cl) defined in the domain spanned by the vectors e nn ( c ) jC , n € R, is essentially self adjoint, 
positive, and defines a unitary flow 

IsTh U c (T) := cxp (iT^ZB- 1 ^^ - ct)^ . (3.24) 

The space of solutions 7iJ in c of positive/negative frequency becomes the space of functions 

T i ► C/ c (±T)V(0) , V(0) £H C C W gr s . (3.25) 

The only technical subtlety is that we would usually expect Tt c to be the whole H gr ^ , whereas in our case there seems 
to be a possibility that 7i c is a proper subspace. 

In the continuous case, e njC € 7i gI ^ for every n > and each c € R despite of the fact, that it is normalizable to the 
Dirac delta with respect to (• | -) c . Therefore, 7i c can not be naturally identified with a subspace of 7i gr g. It turns out 

however, that the elements of H c can be identified (via suitable unitary map) as families of vectors (ip^ € H^) n g[o, T ) 
or, in other words, the formal integrals / e [ ^da^ a \ where for every a <G [0,7r), the Hilbert space Ti!f^ is a suitable 
subspace of H gI g. Specifically, Tti a ^ is the completion of the subspace spanned by 

{e n , c : a(n, c) — a! = nn, n G Z} . (3.26) 

The scalar product (• | -) c is equivalent to 

(W) = / Mi> {a) W {a) )B • (3-27) 

>/[0,7r) 



In order to write the exact unitary evolution map, we recall that the elements of H c are formal integrals ip 

oo 




J Q dn^(n, c)e niC with the scalar product 



/•OO 

(W)c - / dn^/v , (3.28) 
Jo 

thus for every ip = f ffi Q dn^(n, c)e njC the family f ffi j ^daip^ is given by 

^° = E f^^)"Vta,A(n,c)e n , c . (3.29) 



n:a(n,c) — a'£? 



The operator 2£> 1 (C* gr — cl) , defined in this case in the entire Hilbert space H B , in each of the subspaces 

C H gI B becomes essentially self-adjoint and positive definite. In consequence in each subspace this 
operator defines a unitary evolution 



U(T)i a) = exp(^Ty'2B- 1 (C'gr-ci)J (3.30) 
and positive / negative frequency solutions of the quantum constraint C — c are provided by a map 

/ daiP (a) {T) , iP {a) {T) = f7 (a) (±T)V (o) (0) e H { c a) . (3.31) 

J[0,n) 

To arrive to the characterization above the key idea is the consideration of the operator .B _1 (|n 2 .B + C gI — cl) 
instead of the original \a 1 B + C gI — cl. That lead us to the Hilbert space H gr B . The unitary isometry 

^ ■ W gr ,B - K gI (3.32) 

can be used any time, to map all the Hilbert spaces H c , and, respectively, and the considerations therein, into 
subspaces 7i c ,7Yc a ' ) C 7i gr , with the operator 2B~ 1 (C' gr — cl) carried into the operator 2B~i(C' gr — cl)B~^ and the 
elements e n c € Ti gI B mapped into e n c = B? e n jC € 7i gr . 
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• final step of the construction is the derivation of the Dirac observables in the Hilbert space Ti. gr ,c- Here, as 
the starting point, we use eq. I|2.46p which maps each operator F defined in Hkin = L 2 (M.) ® H gT into the Dirac 
observables F5, ^ depending on the value of the parameter t. The formula involves arbitrary symmetrization, defined 
up to the ordering ambiguity. 

We fix the symmetrization, while analyzing Case I, requiring that it satisfies what follows. 

i) The Dirac observable /(LTjp,^ corresponding to the operator /(II) ® I where / is arbitrary function, is 

/(ft)?T,t) = /(n) ■ (3.33) 

ii) For F = I ® G the matrix element of the resulting observable G^ T ^ between states ip, tp' G ^Jin c represented 
(via the map l|3.32|l ) by 

T ^ i>(T) = U c {±T)i>(0) &H gT , T i-> tp'(T) = U c {±T)i>'{0) e H gr , $SM 

equals 

(^|Gf T)t) V')ki n ,c = | Gi>'(t))gr . (3.35) 

The last equality coincides here with the usual Schrodinger picture action of the operator G at the instant T = t on 
the states T i— ► ip(T) evolving in H gr . We consider this as an indication, that the chosen symmetrization is reasonable. 
The only subtlety is hidden in the fact, that the states are restricted to the subspace H c of Tt gr , hence the kinematical 
observable G is in fact replaced by the projected observable PGP, where P is the orthogonal projection onto that 
subspace. 

In the continuous case we apply the formula (|2,46p analogously to the discrete one, additionally directly parachuting 
from it the fixing of the symmetrization ambiguities. It turns out that the relational observables mix the spaces Tii 
and Tli a ^ for every pair a ^ a! . For example, the observable G^ Tt ^ corresponding to the kinematical observable 
F = I ® G has the following matrix elements 

(^Gfrt^'W = / dada'(^ a >(t)|G^ a ')(i)) g r (3.36) 

J[0,7T) 2 

between two states ip, tp' S Wj in c represented by 

T^rfj(T) = / darp (a) {T) , T^rjj'{T) = / da^(T) . (3.37) 
In particular, even the identity observable I ® I is mapped into 1^, ^ such that 

(V|i? Tt) Okin,c = / dada'(^(^( a ')(i)) g r , (3.38) 

J[0,7T) 2 

which is inequivalent to I ® I. As we have explained in Section III C| this is an indication that in the corresponding 
classical theory, the reference function T restricted to some physical trajectories does not achieve every value t £ R, 
hence even the classical relational observable 

lf Tit) ? 1 . (3.39) 

Let us remind here, that in the construction outlined above we do not have to invoke the specific examples which 
exist in LQC. The only starting conditions are the assumptions listed at the beginning of this section. 

The material presented above constitutes just a sketch of the construction. The details of the derivation are provided 
in next two sections separately for the discrete (Section IIV[) . and respectively, the continuous (Section [V]) case. 

IV. THE DISCRETE CASE 

In this section we apply the framework (|2.32l - [2~47|) to the discrete case, which, up to technical details, has been 
defined in Section [ill] (point [J). The detailed assumptions corresponding to this case are listed in the next subsection. 
As outlined in the previous section, our goal is the characterization of the solutions to the constraint, as well as the 
construction of the relational Dirac observables. 
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A. Assumptions 

Suppose that the operators C gI ,B and C n (|2,4ip satisfy the following assumptions: 

1. < B < BqI, that is B is positive, bounded and invertible (the inverse may be unbounded) 

2. For every n > 0, there is an orthonormal basis {e niC?i ( n ) S W gr }neN, such that 

C u e a . Cn ( n ) = c„(n)e n , Cn ( n ) , (4.1) 
3.... < c„(0) < c n _i(0) < ... < ci(0)=:-co <0. 

4. Each function n i— > c n (n), is growing to infinity in the half line (0, oo), and is differentiable. 

5. The functions c„(n) corresponding to different n never intersect, that is V n >o n ^ n' c n (n) ^ c' n (u). 

6. The functions 

n !-> e n : c„(n) €^gr, C l-> e nri(c):C G H gr (4.2) 

are continuous. 

B. The spectral decomposition of the constraint operator C. 

Our starting point is the spectral decomposition of the operator II provided on the abstract level in <|2.42|) followed by 
the (also abstract) decomposition of the operators C n l|2.4ip . To start the first step (with respect to the description 
in Section IIII|) in solving the quantum constraint, we derive from (|2.42|) a spectral decomposition (|2.44[) of Hkin 
corresponding to the operator C (|2.34|) . In order to do so we apply the assumption of Section BV Al and (|2.40|) to 
explicitly define the measure in l|2.42p . which can be then expressed in the following, equivalent form 

poo 00 

*CO = -f= / dn^ n . c „ (n) e raT e| n | !Cii(n) , (4.3) 

where H c ,n — C. As explained in Section Til C\ it is still a decomposition of the operator II, further sub-decomposed 
with respect to the spectral decompositions of the operators C n . However, the joint spectrum 

Spec = {(n,c n (n))|neI,!ieN} (4.4) 

of a pair of operators is independent of the order of the decomposition. In this case the joint spectrum is the disjoint 
union of curves K 9 n h (n, c„(n)) e M 2 , labelled by n g N. Therefore the Hilbert space Hkin = L 2 (R) ® H gI is 
unitarily equivalent to L 2 (Spec) with the measure dn^ n , that is 

/oo 
dn^^ n , c „ (n) < iCn(n) . (4.5) 
-°° n 

To parametrize the nth curve (which accounts to Spec) by the second eigenvalue: c, we split it into two branches, 
corresponding to n > 0, and, respectively, n < 0, 

fMc)c) n^O, 
^(-n„(c),c) , n < . 

where n n (c) is the inverse function tonn c„(n) on the domain n > 0. Using this change of variables we find 

dC (^(c),c< n (c),c + V'-n n (c),cV ) - nn (c),c) , ( 4 -7) 

-°° n>nc 

where n c is the lowest value of n S N such that c € c n (M) (in the neighborhood of c = relevant for us, we have 
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Applying the same change of variables in (|4.3[) , we arrive to the explicit spectral decomposition of the operator C 
encoded in the formula 

(^ n (c )c e in " (c)T + V^n„(c) c e- m " (c)T ) e nn(c) , c . (4.8) 

Note, that there are degenerate points in this decomposition at which dn ^ c - ) — * oo, which happens whenever n„(c) = 0. 
These points may seriously affect the well-definiteness of a function 

V> ±n „ (c ) c e ±ra "M T e nii(c)iC , (4.9) 

at n„(c) = 0. This is however not a problem in our case, as, due to the assumption^ no n„(c) vanishes in a sufficiently 
narrow neighbourhoud of c = 0, the point in the spectrum we are interested in. For the sake of generality however, 
we will address this issue later on (see the remark at the end of Section IIVD[) . 

C. Solutions to the constraint C — cl. 

At this point, having at our disposal 1|4.7|4.8|1 we are in a position to start a characterization of the Hilbert space of 
solutions to the constraint defined by the constraint operator C, that is the Hilbert space 7ikm,o- Unfortunately, the 
measure dc in l|4.8p is that of Lebesgue, therefore the point c = of the spectrum of the operator C is of measure 0. 
Therefore, as mentioned in Section Hi B\ a characterization of the corresponding Hilbert space 7ikm,c=o in the spectral 
decomposition will be meaningful only in the sense of a certain limit as c — > 0. 

To specify it, we start by fixing arbitrary c in the neighborhood (— cq, cq) of 0, and characterizing the Hilbert space 
Hkin, c of the solutions to a constraint operator C — cl. This completes the 1st step listed in Section HTT1 The Hilbert 
space Wkinx defined by the decomposition (|4.8[) is the linear span of a set {-E± n „( c ),c,n | n S N} 4 of 7i gI valued functions 
of the variable T defined via i|3.5p 

£ ±n „ (c) , c (T) = -l=e ±ra "( c ) T e n „ (c) , c , (4.10) 
and the scalar product (-|-)kin,c is such that the above set of the functions is orthogonal, and satisfies 

= (^-n„(c),c | J5-n B /(c),c)kin,c ■ (4T1) 

We can split the Hilbert space into positive and negative frequency sectors 

Hkin,c = ^kin,c © ^km,c > ( 4 - 12 ) 

where ~H^ in c (Wj7 in c ) is spanned by the functions E n r c y c (E_ Un ( c \ c ). The scalar product in each of these sectors 
can be expressed by a suitably modified scalar product in the Hilbert space H gY . Indeed, let us consider the vector 
subspace 

Span(e n7i(c)jC |neN)cH gr (4.13) 
and endow it with a new scalar product (-|-)c, such that 

(e nn (c),c|en n /(c),c)o = 27T 

Also, denote 

H c = Span(e n „ (c)jC |n £ N) . (4.15) 



dn r , 
dc 



(E nr 



(c), 



.(c). 



/kin,( 



dCn 



dn ra 
dc 



(4.14) 



4 The value co is chosen to be small enough to ensure that for all c £ (— co,co) the lowest n n (c) l|4.6ll always corresponds to the same 
curve specified in assumption \E\ of Section TlVAl 
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Then, for every G Hj^ inc , the scalar product (■0i = | V^jkin.c can be expressed by the TL C values i/)f(T), ^(T) 

at instant T in the following way 

I ^)kin,c = (Vf (T) I ^ 2 ± (7 1 ))c , (4.16) 

where the right hand side is independent of the choice of the value of the T variable. 

Due to assumption [6] of Section IIV Al all the elements of the construction are continuous with respect to c. The 
Hilbert space of solutions to the quantum constraint defined by the operator C is then given just by setting c = 0. 



D. The scalar product between the solutions 

The scalar product (-|-)c has been introduced in the subspace Span(e nn ( c ) c | n S N) C H gI by declaring its matrix 
in the basis {en n ( c ),c\ n <= N}. It appears however, (as we show below) that this product can be also defined in a 
compact way, namely, 

(•|-)c = 2vr(-|M c -) gr , (4.17) 

where II C is an operator defined in Span(e nn ( c ). c | n 6 N) by 

n c e nri(c )^ c := n„(c)e nre ( c ) iC . (4-18) 

Let us now derive the relation <|4. 17)1 . thus realizing the 3rd step outlined in Section HTT1 To start with, let us substitute 
into the identity 

(Cgre n:C „( n ) | e n / iCn ,( n /)) = (e niCn ( n ) I C gr e n / iCii ,( n /)) (4-19) 

valid for n,n' > 0, the condition (which also shows, that each e„ jCrl ( n ) S 7~t g r is in the domain (after a closure of the 
operator) of C gI as B is boundend) 

C g ,e u , Cn(jl) = (c„(n)I- ^n 2 B)e^ Cn{n) . (4.20) 

The result of this operation is 

(cn(n) -<v(n'))(e n>0n ( n ) 1^/^,^/)) = i(n 2 - n' 2 )(e niC „( n) |Se n / iCii ,( n / ) ) . (4.21) 
which implies in particular, that 

(en„( c ),c|-Be nr( ,( c ) iC ) = 0, whenever n ^ n . (4.22) 

Furthermore, 



,, r c n(n) - c„(n') 1 dc„ 

(e n>0 „(n) -Be n Cn ( n) ) = hm 2 , n ( e n,c„(n) en', Cn ( n ')J = (4-23) 

n'->n n z — n' z n dn 



and in terms of the parametrization by l|4.6p , the product equals 



n„(c)(e nn(c)>c | J Be nn(c) , c ) = (^j^Y 1 ■ (4.24) 

The comparison with the scalar product (-|-) c of (|4- 14|) gives then (|4.17j) as we stated at the beginning of this subsection. 
The operator Lt c can be expressed by the operators B and C* gr . We have 

2£T 1 (ci - Cgr)e n „( c ) )C = n^(c)e n „ (c ) )C = n 2 c e nn ^^ c . (4.25) 

Therefore in the Hilbert TC C defined by completing Span(e nn ( c ) c \ n € N) C Ti. gI with respect to (-|-) c in which the 
operator 2B~ 1 (cI— C gI ) is self-adjoint, we can write 



IT C = J2B- 1 (cI-C gT ) , (4.26) 
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and conclude that the scalar product (-|-) c is 

(•|-)c = 27r(-|B^2B-i(ci-C gr )-) gr . (4.27) 

To make the relation with l|1.8p closer, we can endow the vector subspace Span(e nn ( c ) )C | n G N) of 7i gr with a scalar 

product (-\B-) and in that auxiliary Hilbert space the operator 2B~ 1 (cI — C gr ) is also self adjoint and positive, so we 
can understand its square root in <|4.27|) in the sense of this scalar product. 

Remark: The spectral decomposition formula (|4.8p has degenerate points such that 

^ = . (4.28) 
dn 

which are present at 

n = , c = c„(0) , n € N . (4.29) 

The corresponding functions -Eo, Cn (o)i n € N may be called "the zero modes", because of the vanishing frequency n. 
The difficulty related to the vanishing of the lefthand side of (|4.28[) is not relevant for us, as due to the assumption 
that c„(0) 7^ 0, there is no zero mode among the solutions to the quantum constraint C — cl (provided c is sufficiently 
close to 0). Nonetheless, let us consider in this Remark, the quantum constraint operator is C — c„(0)I, to see if there 
is a natural extension/limit of our framework, as c — > c„(0). This happens to be indeed the case, as each zero mode 
Eo,c n (o) is the right limit (in the sense of the L°° topology in the space of functions R — > Ti. gr ) 

E o,c n (o) = lim ■, E± u m c , (4.30) 

c\,c n (0) 

taken along the curves considered in assumption [5l In consequence a natural definition of its norm is 

dc 



(^0,c„(c)I^O,c„(0))kin,c„(0) : = nm (-E±n„(c),c|-^±n»(c),c)kin,c = "XT (0) = , (4-31) 



that solves the problem of the zero modes. One should however remember, that potentially there may exist inequivalent 
ways of taking the zero mode limit, giving in principle the result different than i|4.3ip . 

E. The Dirac observables 

As discussed already in the previous part of the article, the operator fi ® I defined in Hkin = L 2 (M. ® Hkin) is a 
quantum Dirac observable, so is any operator of the form /(II) ® I. 

Another class of the Dirac observables can be constructed by the relational observable method (see l|2.46p ) from 
any operator of the form 

F = I®6 (4.32) 

where G is an operator in 7i gr . 

The starting point of the construction is the integral (|2.46[) . that is 

F^ t) = J dre- lTd o Sym ( | II ® B | F o 8{f - tf) ® o e ird . (4.33) 

This formula is defined up to an ambiguity in the symmetrization "Sym", for which we propose some natural choice, 
which we introduce in two steps 

Sym = Sym 2 o Syrr^ (4.34) 

as the composition of two operations: 

a) the first one is a symmetrization with respect to If ® B 



Symj (j ft ® 5 | oA) = \J B\ o Ao \j B\ , (4.35) 
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b) the second one is 

Sym 2 i = 6(U)Ad(fl) + 0(-ft)i0(-ft) , (4.36) 

where 9 is a Heaviside step function 

^ |o , otherwise. ^ ^ 

Its classical counterpart is an identity for every F such that F(T, II = 0) = 0. 
The resulting combined symmetrization is of the form 



Sym (|n<g)B| oi) = 0(n)y | ft ® s | iy | ft ® s | e>(ft) + 0(-ft)y \ ft <g> s | iy | ft ® s 1 0(-n) . (4.38) 

The component Sym 2 is fixed via imposing a simple consistency condition, while considering a simple example 

F = /(ft)®! , (4.39) 

and the corresponding relational observable /(ft)( T In the classical theory, given an observable T 3 7 = (T, II, . . .) 1— > 
/(II), the corresponding relational observable f® t (see (|2.10p ) equals / except for II = 0. In the case at hand, however, 
W kin jj^g = Hkin therefore the condition reads 5 

/(ft)f Tit) = /(ft) . (4.40) 

To arrive to this result, the choice of the splitting 1 = 9(U) + 9(— II) is crucial. Otherwise, there would be mixing 
between negative and positive eigenvalues n. Indeed, with this choice, due to the formula (|4.22|4.24|) 

ty|/(ft)£ jt) ^)wa = / dc E dn d c (C) dnn ^ C) K(c)n n ,(c)\^ (e n „ (c) , c |Be nn , (c) , c ) gr ■ 

n,7i'>n c 

■ (/(n n ,( C )) e - ft ( n -W- n -'(°W^^;< ii , (c)iC + /(-n^(c))e rf ( n "( c )- n "'( c »?^^^ n „,(c), c ) 

dc E (/( n "( C ))^„(c),cV'n ra ( C ),c + /(- n «(c))?/'-n„(c), c l/'-n„( c )x) = (V^/WVOkm , 

n>n c 

as required. In particular, if / is identically 1, we have 

l?T, t ) = f . (4.42) 
The first component Syn^ of the symmetrization can be tested on a kinematical observable of the form 

F = I ® G . (4.43) 
The relational Dirac observable G^, t s corresponding to it takes the form 



Gf T t) = J dre~ lTd o (9(U)\U\h{f ~ ti)\Ii\h(U) 



-n)\n\h{f ~ ti)\ii\h(~ii)) ® v^Gv^ 



(4.44) 



oe" c 



We will see in the next subsection, that this choice is distinguished by a representation of each Hilbert space W ki 
as the space of functions T i— > '0(T') S H gr - 



kin,c 



6 In the case at hand, n„(c = 0) ^ therefore the part n = of the spectrum is irrelevant. 
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In terms of the spectral decomposition (|4,7|4.8p . G^ Tt ^ defines in 7ikin a sesquilinear form 

(V>|Gf Tt) ^)kin = [dc V dn ? (c) dn "' (c) |n n (cK,(c)|* (e n „ (c) , c e n „, (c) , 

J ac ac v / gr ..- 

. /• e -tt(n n (c)-n B ,(c))^ —tf , it(n„(c)-n„,(c))^T — ^/ \ 

V e ( ' y n„(c),cV y n Il /(c) : c ' c V -iL n (c) ,cV -n n , ( c ) ,cl 



defined by an operator in Hkin which in terms of the spectral decomposition (|4.8j) "Hkin = J ^kin,c can be expressed 

r (T,t)c 



as a family of the operators (GjL.-. ) C £K- Indeed, given two ^,0' 6 Wkm.c, 



V = £ (^e ra "( c ) T e n „ (c) , c + ^e-™"( c ) T e n „ (c) , c ) , (4.46a) 

V = (^ +ein " (c)Te n„(c),c + Ce- in " (c)T e n „( c) , c ) , (4.46b) 



we have 



dn n (c) dn„/(c) 

n,n'>n c 



(VH^ )t)c ^)km,o = J! dn ^'J C ^ |n n (c)nw(c)l^ (e n „ (c) , c \B*GB* e nti , (c) , c ) 



(4.47) 



This implies in particular, that the operator preserves the positive/negative frequency subspaces 7iJ in c . 

The above formula defining the observable G? T t , appears quite complicated. In the next subsection we will see, 
that this operator can be expressed in much more compact form, once we view the solutions to the constraint as 
unitarily evolving states in H gI . 



The constraint as evolution in 7i. gI 



The analysis presented in Section IIV CI has shown, that the solutions to the quantum constraint defined by the 
operator C — cl form the Hilbert space H^ in c © H^ in c (|4. 12|) , and the subspace H^ in c consists of functions given by 
(|4.10p . Furthermore, we have found that H^ in c can be characterized as the Hilbert space of functions 



T^^j(T) e H c = Span(e nri(c)iC |n>n c ) (4.48) 



endowed with the scalar product (-\By2B 1 (cl — C gr )-) gr . These functions are solutions to the equation 

i dT 



±j2B-i(cI-C gr )ijj ± (T) , (4.49) 



and the scalar product between two of them (denoted here as ^ and ij} ) is 



(V^IV^W = (V- ± (T)|5 ; /25-Hci-C gr )V ,± (T))gr , (4.50) 

where the righthand side is evaluated at any instant of T. 

In consequence, the Hilbert space H c is constructed from the subspace of H gI endowed with the new scalar product 
(|4.17|) . In the Hilbert space H c the operator 2B~ 1 (cl — C gr ) is diagonal in the orthogonal basis {e nn ( c ^ c , n > n c } and 
thus self-adjoint. More precisely, a solution to H4.48J1 is defined by any "initial data" -0(0) £ H c and the formula 



ip (T) = exp(±ir^/2B- 1 (cI-C gr ))0(O) . (4.51) 
To view that evolution as defined directly in the Hilbert space H gr , we use a unitary embedding 

B^(2B- 1 (cl-C gr ))i : H c -»■ Hgr , (4.52) 

image of which we denote by H c C H gI . 
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That embedding maps the solutions to (|4.49[) into solutions ip (•) to the transformed equation 

ld^±(T) 



. dr = ±^2B-i(cI-C gr )B-^ ± (T) . (4.53) 

The domain of the operator 2B~? (ct — C gT )B~i in H c is 

Spa.n(Bh nn(c y c \n>n c ). (4.54) 
Via this map, each Hilbert space Wj in of solutions to the constraint (C — cl) is represented by functions 



kin,c 

V> : R H c C H g 



(4.55) 



^(T) = exp(±iT^2B-i(ct-Cgr)B-i)ilj(0) , 
and the scalar product between them (evaluated at any instant of T) equals 

{^W±) = $±{T)\${T)±) gT . (4.56) 

One has to note however, that we do not know whether for given c, the functions B2e n r c \ c span a dense subspace 
of Hgr- In consequence H c may a priori be a proper subset of H gr . Nevertheless, the operator 2S~5( C I— C gr )B~^ is 
still essentially self-adjoint as long, as we consider it in H c . 

The relational Dirac observables <|4.45|) of the previous subsection have in this representation a compact form. To 



write it, we will use the abbreviation II C <|4. 18(1 for the operator y2B 1 (cl — C gI ), and 



II C := yj2B-*(cl-C ET )B-* . (4.57) 

The sesquilinear form (|4.47[) is defined by an operator which preserves the spectral decomposition Wkin = J*® dcH J in c 

^kin c °^ the constraint operator C, The operator is given by a family of operators (G^ t t ^ c ) ce R, c € R, defined, 

respectively, in Wj in c . Given two elements ip ± ,ijj' ± e ^kinc represented by l|4.5ip the sesquilinear form (|4.47|) 
assigns the following number 

I G'g : t)c v' ± )ki n ,c = (^Winr^s^dB'ni^WJgr- (4-58) 

Using the unitary embedding (|4. 52[) and denoting its action on ■0 ± j 4> by t/> , , /± we can write this formula in even 
simpler form 

I Sg^^W = | G^it))^ . (4.59) 

Briefly speaking the action of this operator consists in acting with G at the value of tp^ at T = t and evolving the 
result. In this picture there is however a technical subtlety: the presence of the nontrivial orthogonal projection 
operator P : TL gT —> TL C . The precise form of the quantum relational observable operator in the tilded representation 
is 

(Gf T ± t )c^ ± )( T ) = e^-^PCm . (4.60) 

G. Discussion, the limit c — > 

In previous subsections we have characterized the Hilbert space 7ikm,c (corresponding to the fixed 6 value of c) in 
the spectral decomposition of the operator C and introduced the relational quantum Dirac observables therein. The 
functions E n r c \ c , n 6 N, <|4. 10|) are defined up to a rescaling 

£± n „(c),c - e^ ±n "( c >' c ^ ±n „ (c) , c . (4.61) 



In a suitable neighborhood of 0. 
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However, the definition of the Hilbert space 7ikm,e and the structures we introduced to characterize the resulting 
theory are invariant with respect to that transformation. Also, due to the continuity of the map 

(-co.oo) 9 c l-> £± n „(c),c , (4.62) 
there is a notion of the continuity in c of all the relevant structures, namely of 

(i) Wkin,o 

(ii) n c c n gr , 

(iii) ft c = ^B-i(cl-C gT )B-?. 

Therefore, eventhough the point c = is of the measure zero, the continuity makes the Hilbert space 7ikin.c=o, its 
characterization and the relational quantum observables uniquely defined. 

The result takes the appearance of two copies of the Schrodinger-like quantum mechanics, whose states are pairs 
of elements i> + E Hq C H gI , and their evolution (independent of each other) is governed by two the generalized 

Hamiltonian operators ±\J —B~^C gv B~^ . The scalar field T plays the role of time, and the relational Dirac observ- 
ables derived from the kinematical observables, operators in H gT are just the operators pulled back from H gT into the 
subspace Tto and acting on the solutions to the generalized Schrodinger equation at a given instant of T. 

The assumptions that define the continuous case are quite general, the key requirement is the discreteness of the 
spectrum of each of the operators ^a 2 B + Ckm- The specific example of this case is the LQC Ashtekar-Pawlowski- 
Singh model of a FRW spacetime with negative cosmological constant [19]. There the operator S _1 Cki n defined in 
the domain V gr is essentially self adjoint in the Hilbert space obtained by introducing the new scalar product (• | B-) gr 
in H gT . That makes possible the Schrodinger-like construction of solutions to the quantum constraint (|2.34|) relying 
on equation (|1.8|) . That simpler construction gives a quantum theory equivalent to the one derived in this section. 
Possibly, another class of examples (modulo, perhaps some easy generalization) can be found in case of a relativistic 
particle in a static spacetime. 

It is worth noting, that in the spectral decomposition l|4.8p of the operator C there are degenerate points corre- 
sponding to the frequency n = and the eigenvalues ... < c„(0) < ... < ci(0) = — cq < which however are located 
away from the neighborhood of c = 0. Nonetheless, we have also proposed an extension of the definition of each 
Hilbert space Hkin,c to those points, by taking the limit c — > c„(0) of the functions E±„r c ^ c and of their scalar 
product (see Remark at the end of Section IIV Dp . 

V. THE CONTINUOUS CASE 

The departure point for our analysis is, similarly to the Section [TV] the framework specified via (|2,32ff2~47|l . We 
apply it now to the case specified (up to technical assumptions) in the point HI] of Section Hill The precise assumptions 
are specified below, in Section IV Al Our goal is characterization of the solutions to the quantum constraint, as well 
as characterization of the relational quantum Dirac observables. 

A. Assumptions 

1. In this section the Hilbert space is specified to be 

H gr = L 2 (M,d^ ) , (5.1) 
where Uq is some measure, for example dvo(v) = J2neN — Ti)dv. 

2. The domain T> gr C H gr of the operators C gr , B, B^ 1 , C u is the space of smooth functions of a compact support 
and is preserved by the operators. 7 B is bounded and positive. The action of the operat ors is extended by the 
duality to every function / : K — > C which defines a linear functional V gr 3 ip i— ► J duo(v)f(v)ip(v). 



7 In the case of the example with the measure dvo(v) = X) n gN ~ n )dv , we drop the requirement of the smoothness in v. 



22 



3. For every n > 0, the operator C n (|2,4ip has absolutely continuous spectrum R, and its spectral decomposition 
consists of 1-dimensional Hilbert spaces. Furthermore, there exists a, normalized to the Dirac delta, basis 
{e niC : c £ R} of Tt gr , where every e n:C : R — > C is an eigenfunction of the operator C n with the eigenvalue c, 
that is 



di/ (v)e a>c (v)e atC '(v) = S(c-c'), C n e niC = ce n , c . ([Of 

The eigenfunctions e n , c are chosen in such a way that (n, c) i— > e UtC (v) is a continuous function at every »eR, 
4. There exits a function a : R + xI^R and a constant b £ R such that 



lim / dfi 



V^ao 



-V 



'o(w) (e n , c (u)C' gr e n ', c (t;) - C l gr e niC (i;)e n ' iC (t;)^ = 6sin(a(n, c) - a(n', c)) . (5.3) 



5. The operator -B extended to the space spanned by e njC satisfies 

rV 



lim 



d^o(w) (e n)C (t>).Be n / )C (t>) - Be ntC (v)e„> tC {v)J = , (5.4) 



V- 



V 



lim / dvf(v)Bf(v) > , (5.5) 



(5.6) 



and the map 



v- 



V 



(n,n') h-> lim / dve niC (w)Se n ' iC (w) (5.7) 



r 



is well defined and continuous. 
6. The function a and the function c : (n, c') i— > c' form a differentiable coordinate system in R + x R. 

Remark The condition 1|5.3|1 is a generalization of the symmetry of the operator C gr onto the space of the non- 
normalizable functions e njC . 

B. The spectral decomposition of the constraint operator C. 

The first step toward solving the quantum constraint is deriving from the spectral decomposition (|2.42p the de- 
composition (|2.44p of 7ikin corresponding to the operator C (|2.34p . As a starting point we choose the decomposition 
(|2.42p of the operator II followed by the decomposition of the operators C n . From the assumptions listed in the section 
above it follows immediately that here the joint spectrum and the measure of the operators II and C are 

Spec = R 2 , dnd^ n (c) = dndc = dcdn . (5.8) 

Combining it with l|2.40p and applying both to (|2.42p we can express that decomposition in the following, equivalent 

way 

*(T) = / dcdnV>n, c e mT e w , c , (5.9) 

where H nc = C. The Hilbert space Hkin = L 2 (R) ® Tt gr is then unitarily related with L 2 (R 2 ) equipped with the 
measure dndc, that is 



(V#')ki„ = / dcdn^ n , c < !C . (5.10) 



This completes the spectral decomposition of the operator C. 
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C. Solutions to the constraint C — cl 



Since (as already pointed out in the context of the discrete case) the measure dc in (|5,9p the Lebesgue one, the 
point c = of the spectrum of the operator C is of measure 0. Hence, as explained in Section llVl we fix arbitrary 
value c£i and consider the corresponding Hilbert space Hkin,c which can be identified with the solutions to the 
constraint C — cl. We set c = only in a final step of the construction, first making sure that the result is stable with 
respect to the changes of c. 

The Hilbert space Hki n ,c defined by the decomposition (|5.9j) is constructed out of the set {-E n ,c | n G K} of functions 
of the variables (T, v) 

£ n ,c(7» = -l=e raT e| n |» , (5.11) 

V 27T 



and its scalar product (•|-)kin,c equals 

(£n, c |£n', c )ki„,c = 6{u-n') , (5.12) 

where the Dirac delta is defined with respect to the Lebesgue measure dn. One can see, that this Hilbert space is 
unitarily related in a natural way with the Hilbert space of the formal integrals (see Section III C|) 



* = / dn*(n)£ niC (5.13) 

with the scalar product 



= / dn*(n)*'(n) . (5.14) 



As in the discrete case, we can split the Hilbert space 

Hkin,c = ^kin,c ® ^kin,c > (5.15) 

where Wj n (W^ ) is spanned (in the integral sense) by the functions E UiC of n > (n < 0). 

In order to be able to view the elements of Wkin,c as functions taking value in H gI which is endowed with a suitable 
new scalar product, let us consider the Hilbert space of the formal integrals 



ip = J dm/>(n)e njC (5.16) 

equipped with the scalar product 



W#') C = / dW(n)<//(n) , (5.17) 
Jo 

and denote the resulting Hilbert space by H c . Then, every \I' ± G "H^ba c defines the map 

13 Th f±(T)eH c . (5.18) 

For every ^ x G ^kin c' ^ ne sca l ar product (Wf | ^ 2 )kin,c can be expressed by the H c values ^ (T) , ^ 2 (T) at 
instant T in the usual way 

(*r~|^)kin,c = (*f(T)|*±(T)) c , (5.19) 
where the right hand side is independent of the choice of the value of the T variable. 

Remark: The construction in this subsection was performed in a way similar to the discrete case described in Section 
IIVI There is however a significant difference in comparison to that case: the formal integrals should not be interpreted 
as the actual integrals. In particular, the formal integral l|5.13p should not be identified with a function 

/oo 
dnt>{n)E a , c {T,v) , (5.20) 
- OO 

even when a latter one is well defined. Also an element ip € TL C can not be identified with a function 

dn^(n)e n , c (w) . (5.21) 
The reason for this lack of the correspondence will become clear in the next subsection. 
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D. The scalar product between the solutions 



The scalar product (-|-)c in the space of formal integrals (|5.16p has been introduced in the previous subsection just 
by a declaration - (|5.17p . Below we will show, that this product can be interpreted in terms of the Hilbert space H gI 
similarly to the discrete case. The difference in the structure of the spectrum of C induces here however an important 
difference with respect to the former case. 

Our starting point in finding the relation is the assumed property 

/v 
dv ( e„ tC (v)C gI e a > Jv) - C gI e n , c (v)e a > , c (v) ) = 6sin(a(n, c) - a(n', c)) , (5.22) 
-v v ' 

combined with the extended symmetry (|5.4p of the operator B and the asymptotic properties of the functions e njC 
given by 

C gr e n , c = (cl - ^n 2 B)e n . c . (5.23) 



Applying the above elements we arrive to the equality 



v 



sin(a(n, c) — a(n', c)) 



Urn / dve n . c (v)Be n ^ c (v) = 2b — — " ' " . (5.24) 



- v 



Taking the limit n' -> n, we obtain 



b da(iL, c) 



dv e^ c (v)Be n c (v) = - 1 — . (5.25) 

n an 



This result means in particular, that if we introduce in the Hilbert space Tt gT a new scalar product (• an d take 
the completion, or equivalently, in the space of functions defined on E introduce the following scalar product 



U\9)b ■= / dvf(v)Bg(v) , (5.26) 

J — oo 

then the function e njC is normalizable (with respect to it) for every c and every n > 0. (The point n = is of the 
spectral decomposition measure zero and hence not relevant.) 

Finally, comparing (|5.24|) with (|5,26|1 we arrive to the scalar product for two different n,n', 

I I ^ ^ sin(q(n,c) -a(n',e)) 

(e n , c | e*, c ) 6 = 2b n2 _ n/2 ■ (5.27) 

In general, the right hand side is not zero. However, given a value a' of the function a (and given in this subsection 
c£l) there is a distinguished set of the values taken by the label n labelling the functions e njC , namely 

K c ,a' = {n£E+: (a(n, c) - a') G ttZ} . (5.28) 

The corresponding functions 

{e n , c : n G R c , a '} (5.29) 

are orthogonal to each other, specifically 

/is b 3a(n, c) 

(e n , c \e„> : c)£) = q o nn ', (5.30) 

n an 

where S. : . is the Kronecker delta. It is sufficient to restrict the values a' in the definition of R , o ' to the interval 
a' G [0, 7r). The properties of the functions e a . c justify Remark made at the end of the previous subsection, which 
pointed out differences between current continuous case and the discrete one studied in the previous section. To derive 
a representation of the Hilbert space H c analogous to that of Section [IV] we go back to the formal integral (|5.16[) and 
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the scalar product (-|-) c (|5,17p . and change the variable of the integration for the function a. This way we get 



dn^>(n)e n , 



da J2 

[°> 7r ) neR c , 



da (n, c) 



On 



da(n, c) 



On 



= da E ^(n)e n , c , 

W)c = r da V ^nO^'(n) 

•/fO,7T) 



'[0,- 

where V>(n) and, respectively, e niC are defined by the factors in the paratheses in the 1st line of (| 5 . 3 1 a|) . 
The scalar product (-|-)c can be expressed by the product via the relation (|5,30p 



(5.31a) 



(5.31b) 



" , l°' 7r ) nSR ca n'el ca 



(5.32) 



The emerging structure can be described as follows. For every a € [0, 7r) introduce the vector space Span(e niC | n E 
c ,a) and endow it with an operator 



and with the scalar product 



B ■ 



(5.33) 



(5.34) 



Denote the resulting Hilbert space by Ti.i a \ Then every formal integral i|5.31a|l becomes an integral of vectors ?// c ' a ) 



[0,7T) 



iiti 



and the scalar product reads 



W> 1 i>') 



da 



[o, 



W (C ' a) |^ (C ' a) ) C ,a 



dug) 



(5.36) 



As in the previous section we note, that the operator fi CiQ can be expressed in terms of the operators C gI and B via 

tlc^c = \/2B-^ci-C gT )e n , c , neR„. (5.37) 



E. The Dirac observables 

Let us now focus on the construction of the Dirac observables. As in the discrete case the operator ft ® I defined 
in Wkin = L 2 (M.) (g> 7ikin is a quantum Dirac observable as well as any /(II) ® I. 

Here we will consider the class of the Dirac observables constructed (via the very same technique as the one used 
in Section HV Eft by the relational observable method (see (|2.46p ) from all the operators 

F = t® G , (5.38) 

where G is an operator in 7i gr . 

The general formula for the observable (|2.46[) reads 

F ( ° t) = f Are-" 6 o Sym (\IL®B \ o F o S(f - tl) ® f) o e"" 6 , (5.39) 
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where the symmetrization Sym is the one defined already in Section ["IV El Since in the discrete case it leads to clear 
and physically reasonable results we apply it also here without change. Given this, in the case of the kinematical 
observable F = I ® G, the relational quantum Dirac observable G9 T ^ is given by 

In terms of the spectral decomposition (|5.9|) . the sesquilinear form GP T ^ in Hkin reads 

poo poo poo 

(V- 1 Gf Tit) ^')kin = / dc dn / dn\e- lt ^- n '^ c i>' n , iC + e^-^i^Z^-n>,c)- 



— oo JO JO 



x _ i (5-41) 

• / &ve UtC (y)B%GB% e n /, c (w)\/in7 

and induces a sesquilinear form of the space of solutions to the constraint C — cl. Indeed, given two solutions 

m = -= / dn(</,+ (nK nT e n , c + ^~ (u)e~ mT e n , c ) , (5.42a) 



we have 



2tt 



il>\T) = -= / dn'(^+(n')e™ J e n -, c + V'" (n')e" m J «v >c ) , (5.42b) 
V 2tt Jo 



(5.43) 



/•OO /■ OO /* 

(V- 1 Gf T ^')kin,c - / dn / dn'Vnu 7 I dve^J^B^GBi e n ,, c (v)- 

(e- lt ( n - n ') ; ^+(n7 ? /'' + (n') + e It(n ~ n ' ): ^F(n> / ;'~(n') 



Finally, we can apply the decomposition into the subspaces "He , obtaining 



W> | Gf T . t)c ^')kin, c = / da f da' Yl \^(eu,c\B-iGB^e n ,, c ) s 

J[o,it) J[o,ir) n6Rc _ an / eRc _ a( (5.44) 

(e- it(n - n,) Vi+(n)Vi' + (n') + e"^" 11 '^- (n)^'~ (n')) 



This formula immediately implies the quite peculiar property of defined observable, namely the presence of the cross 
terms a ^ a', which breaks the diagonality of the integral on the right hand side. That property makes even the 
(supposedly) trivial case of G = I, quite non-trivial. Indeed, the relational Dirac observable 1® T ^ corresponding to it 
is given by 



/oo yoo poo 

dc dn dn'vnn 7 (e niC (w) |e n ', c )^- 
-oo Jo Jo (5.45) 

(e-^ n - n '^< v + e^-^— c ^_ n ,J . 
However, the right hand side is not the identity because 

VS 7 (en,c(v)|e n ',c)a + «(n-n / ), (5.46) 
and instead is given by (|5 .27(1 . The classical origin/meaning of this property was explained in Section HTCl 



F. The constraint as evolution in H gr 

In the discrete case it was possible to view the quantum constraint defined by the operator C — cl as a unitary 
evolution l|4.55p in the Hilbert space 7i gr of the kinematical degrees of freedom of the quantum geometry. Here we 
derive an analogous characterization for the solutions in the continuous case. 
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In order to do so we recall from Subsections IV CI and IV that the solutions to the quantum constraint defined 
by the operator C — cl form the Hilbert space H^ in c © HjJ" in c l|5.15p , and the subspaces Ti^ in c consist of the formal 
integrals 



dn^(n)£7± n , c (5.47) 
of the functions l|5.1ip . Furthermore, each element G W k ; n c can b e viewed as a function 

/*© /* CD 

I3Th^(T) = / da^ (c ' Q) (r) £ / da^ a ) , (5.48) 

J[0,?r) J[0,-k) 

where the family of the Hilbert spaces Ti^ is defined by the scalar product <|5.34[) introduced in the vector space 
Span(e nc | n £ R c , a )- This means, that each solution ■0 ± is a family of functions labelled by a £ [0, 7r) 

where the scalar product between two solutions equals 

(^1^)=/ ^(^^)(T)|fM (T)ka ) (5 . 50) 

with the right hand side of this equality being independent of T. 

In each of the Hilbert spaces Tii a \ the operator 2B~ 1 (cI — C gI ) is defined on the domain Span(e niC : n £ R c , a ) and 
becomes an essentially self-adjoint, positive operator 2£?~ 1 (cl — Cgr)( c „)• (We will go back to the global definiteness 
of this and related operators at the end of this description.) With use of this operator, every function <|5.49|) can be 
written in the form 



^±( C ,a) (r) = ^iTy/lB-Hd-C^^ ^±(c,a) (0) _ (5 51) 

For each of the Hilbert spaces Tli a \ a £ [0, 7r), there is a naturally defined unitary embedding into the Hilbert space 

B^(2B- 1 {ci-C gI ) c , a )i : Hi a) -^H gr . (5.52) 

It maps l|5.5ip into 



^\T) = e **T)l**-*("-°~)*-* M ^(c, a)(0) > (g 53) 

where the operator 2B~ 1 (d — C^), « is mapped into the operator 2B~^(d — C gI )B~^ c Q , defined in the domain 

Span(S2 

e n ,c | n £ M c ,a ) . (5.54) 

The image of the map Tli a ^ — + H gl - (|5,52j) . denoted here by 7ic a \ is the completion of Span(iHen,c | n £ R c , a ) C 7i gr , 
and is a proper subspace of H gr . For two different a ^ a 1 , the corresponding subspaces satisfy 

£(o) ^ #(a') ^ #(a) ^ £(a') _ (5 55) 

Let us discuss now the definitions of the operators 2B~ 1 {cA — C gI )( c >a ), 2£?~ 2 (cl— C^-B,^ as well as the operators 

2_B~ 1 (cI — Cgr), 2B~^(d — Cgr)B~i . For that we employ the Assumption [21 Each of the operators B, -B -1 , C gr is 
defined by the extension of the corresponding operator defined originally in the domain V gr , onto the space T>* r of 
functions / : R — > C dual to the domain V gr in the sense of the measure v$. Moreover, each of the extended operators 
preserves V* , because the original operators preserve T> gr . The composition of the extended operators defines the 

operator B~ 1 (cI — C ST ), and each function e njC is the eigenfunction of this operator corresponding to the eigenvalue n 2 . 
The restriction of the operator 2B~ 1 (cI — C gI ) to the vector space Span(e n c : n £ K( c . a )), given (c, a), defines a self 
adjoint, positive operator in the Hilbert space TL^ which has a well defined square root. The operator 2B~ 1 (d — C gr ) 
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defined in T>* r admits (by the restriction) an action in a subspace of the Hilbert space 7i gr g defined by introducing 
in H gr the new Hilbert product (• \B •) and taking the completion. This restriction coincides with the operator 
2B~ 1 (cI — C gi y adjoint in Tt gv ^ to 2B~ 1 (cl — C gI ) considered in the domain T> gr , But this operator is not symmetric 

and its square root is not well defined either. Each operator 2B 2 (cl— Cg r )-B, c ^ is defined just as the transformation 
of 2B~ 1 (c — C'g r )( Cia ) by the map (|5 . 52|) . A single operator in 7i gr , whose restriction to Span(_B2e n c : n £ K c ,a) is 
2B~ 2 (cl — Cgr)B^ c 2 a ^ can be defined as the transformation of the operator 2B~ 1 (cl — C gr Y by (|5 ,52|1 . The result can 

be defined in the equivalent way as follows. In the domain B^V gr C Tt gI consider the operator 2B^^ (cl — C gT )B~^. 
The adjoint [2B~z (cl — C gv )B~^ is then the operator we seek. 

In summary, given c £ R, we defined a family {Ti\f' ') a e[o,7r) of subspaces of H gI . In 7i gr the operator [2B~z (cl — 
C gr )B~^Y is well defined, but not symmetric. However its restriction to each of the spaces 

2?( Q) := Span(B2e n , c |neR c , a ) (5.56) 

defines an essentially-self adjoint and positive operator in the corresponding completion C H gr . Every solution 
(|5.5ip is mapped by (|5.52[) into t/j, 

13Th^(T) = / da^ c ' Q >(T) e / daK^ , (5.57) 

where each component 'tjj ziz ^ c ' a ' (T) is defined by <|5.53|) and the scalar product between two solutions ip^,^'^ £ is 

(V^W = / d a (V3 ±(c ' a)) (r)|V/ ±(c ' Q)) (T)) gr . (5.58) 

./[0,7r) 

Up to this point, we could say that every solution to the quantum constraint in the continuous case can be viewed 
as a family of solutions similar to those encountered in the discrete one, with the extra integral with respect to a in 
the scalar product. In particular, the evolution l|5.53p defined by the constraint C — cl in the case considered here 

reduces to each of the subspaces Ti.i a \ independently of the others. 

However, as if was shown in Section FVEl the relational Dirac observables break the diagonality of this picture, since 
they have non-zero cross terms between two different spaces He and fi^c ■ Indeed, in terms of the formula H5.57J1 . 
given two solutions ip and tp' to the quantum constraint C — cl and the corresponding transformed functions tj) and 
if)', the Dirac observable (|5.44|) defined by a kinematical observable G in H gr takes the following form 

(^|Gf Tt)c V')ki„, c = ^ / da f da'U^MlG^'^it)) . (5.59) 

J[0,tt) J[0,n) V J & 

Also the map fl®I h lip, t s is no longer the identity, namely 

(V|n? Tt) v'W, c = i / d a d a '(^ Q )|n c . a ^^ Q ')) gr . (5.6O) 

J[0,7r) 2 

G. Discussion, the limit c — > 

In the previous subsections we have described, for arbitrarily fixed value of c, the corresponding Hilbert space 
7ikin,c in the spectral decomposition of the operator C as well as we have introduced the relational quantum Dirac 
observables therein. 

As in the discrete case, the ambiguity in the definition of the functions E n _ c , 

E n , c ^ e la ^E n>c , (5.61) 

does not affect the definition of Hkin,c nor any other structure we introduced to characterize it. 
The continuity of the map 

c 1 ► £ n , c (5.62) 

provided by assumption 3, ensures the continuity in c of the Hilbert space Hki n ,o therefore the Hilbert space Wkin.o 
is uniquely defined, as well as are the relational Dirac observables therein. There is also the continuity in c of the 
structures we have introduced to characterize the resulting quantum theory, namely 
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(i) J^daH { c a) = Span(Me n , c |ne E c , a ) C W gr , a G [0, it), 



(ii) H c , a = ^B-?(cI-C gI )B (( * a) . 

Although there exist degenerate points in the definition of individual Hilbert spaces Tii^ similar to those in the 
discrete case, the integral along [0, 7r) smooths them out. 

The resulting quantum theory is defined independently in two copies of the formal integral AaH^ of a 
family of subspaces Ti^ C 7i gr . In each copy the dynamics if defined by a family of the Hamiltonian operators 
(±y— B~^ (C , gr )i? ( - 2 a ^) ae [o, x ). Whereas the dynamics in each term of the formal integral is defined indepen- 
dently of the other terms, the relational Dirac observables mix different terms T$?K 

An explicit example of Case II is the LQC Ashtekar-Pawlowski-Singh model of the FRW spacetime with the 
positive cosmological constant [13] ■ In that case the analysis based on the Schrodinger picture (JTTHJ) , which uses the 
operator B~ 1 C gI as the evolution one, faces a technical problem: the operator is not essentially self adjoint and admits 
inequivalent self-adjoint extensions. In fact, the 1-dimensional family of the spaces Span(e niC | a(n, c) — a' = m, neZ) 
we introduce for every a' 6 [0, 7r), corresponds exactly to the 1-dimensional family of the inequivalent self-adjoint 
extensions of B~ 1 C gI . The approach (|1.8p gives a result essentially different than the one found here: it forces us to 
choose one of the self-adjoint extensions. The resulting theory is then formed by two copies (the positive/negative 

frequencies) of the Schrodinger like quantum mechanics defined in the subspace C H gr corresponding to an 



arbitrarily fixed a £ [CKtt). The Hamiltonian operator is ±\J — B 2 (C gI )B^ 2 a ^ and the relational observables do not 

have any option to mix two different subspaces TL^ and 7ig° \ for a ^ a! . In consequence, by construction, we have 
there 

i(r,t) = S • (5-63) 

From the point of view of the known, corresponding classical theory, for as long as we prescribe the fundamental 
role in describing the evolution to the internal time, that result is incorrect, because the relational observable l? Tt ) 
constructed from the constant function 1 is either 1 or zero, depending on whether T takes the value t at a given 
trajectory or not. On the other hand, when taking the approach, that the notion of time (clocks) should be provided 
by the dynamical fields, one finds, that the classical trajectory admits a unique analytic extension, which completes 
it to entire TeK0. 

The apparent difference between the results obtained in the Schrodinger picture and the group averaging approach 
has the following reason. In the former approach the choice of the particular self-adjoint extension corresponds 
to supplying an additional data into the system: the reflective condition in v = oo (see [l3|)- This allows to 
deterministically extend the evolution to all T. On the other hand the latter approach, by its very definition, 
we avoid supplying this additional data, instead evolving "all the possibilities" at once. That leads to the loss of of 
completeness of the set of observables f{v)? Tt \ given by functions / of the operator v. That means, that from a set 
of expectation values 

(/(«)r,t) (5-64) 

at a given t, we can not predict the values 

(/(«)?,«,) , t'^t. (5.65) 

However one should stress, that the evolution of each observable G*P T ^ in t is unitary. The issue of the completeness 
loss will be addressed in detail in the future work. 

VI. DISCUSSION 

In this paper we considered a quantum theory with a general constraint operator of the form 

C = --^®B-I®H. (6.1) 

encountered for example in LQC. The issue we addressed was the uniqueness and the properties of physical Hilbert 
spaces and observables one can define within such theories. For that purpose we compared two constructions: 
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(i) the Schrodinger evolution picture used for example in [l6j], in which the constraint is reinterpreted as (|1.8p and 

(ii) the systematic procedure using the spectral decomposition of the contraint operator, a special case of the group 
averaging. 

Due to different mathematical properties of the (parametrized by II € R) operators C n :— ^n 2 B + C gT we restricted 

the comparison to two cases in which spectra of C n are, respectively, discrete and absolutely continuous. Moreover, in 
the continuous case we assumed the asymptotic properties of the eigenfunctions which hold for example in the LQC 
model the FRW spacetime coupled with the massless scalar field at the presence of positive cosmological constant. 

In the discrete case the physical Hilbert spaces and the evolution picture (provided by constructed family of partial 
observables) for both listed procedures coincide. In consequence for that case specified methods are equivalent. 

The situation changes in the continuous case. There, according to the Schrodinger picture the evolution is not 
unique, as the evolution operator B _1 (7 gr (the square root of which plays there the role of a true Hamiltonian) 
admits inequivalent self-adjoint extensions. On the other hand the constraint operator C still remains essentially 
self-adjoint, thus the group averaging provides us with a unique (up to standard ambiguities tied to the procedure) 
Hilbert space. The comparison of this space with the ones corresponding to particular self-adjoint extensions in the 
Schrodinger picture shows that it is in a certain integral sense (|5-35|) a union of all of the extensions. In consequence 
the physical evolution resulting from the group averaging can be understood as evolving all the extensions present 
in the Schrodinger picture at once (in parallel) . Since the evolution picture defined in Section IV Fl does not mix the 
subspaces corresponding to particular extensions, at least at this level they seem to look as the superselection sectors. 

The situation complicates however, when we consider the observables. In the discrete case the construction following 
from GA and specified in Section llVl leads to operators, which coincide with the analogous operators constructed for 
the Schrodinger picture via method following from the initial value formulation (see [16]). Both pictures would then 
predict exactly the same dynamics of a given physical system. In the continuous case however both the pictures start 
to differ. In the Schrodinger one all the observables are constructed on each of the Hilbert spaces corresponding to 
particular extensions of the evolution operator separately. Therefore they do not mix these extensions by definition. 
On the other hand the GA construction results here in the operators, whose action mixes the subspaces corresponding 
to the extensions, while the operators corresponding to the different times are still related via unitary transformations. 
Therefore pointed subspaces cannot be considered the superselection sectors anymore. Furthermore the presence of 
the 'nondiagonal' - extension mixing terms in the operators might in principle indicate a possible difference in the 
dynamical predictions. This problem however has to be addressed in the context of particular examples, as the answer 
may strongly depend on the particular form and detailed spectral properties of the involved operators. 
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APPENDIX A: CONTINUOUS SPECTRAL DECOMPOSITION 

Here we briefly sketch the methods of singling out the space Hkinpo > which are presented in detail in 0|. For that, let 
us introduce an commutative Von Neumann algebra W that is an intersection of commutant and double commutant 
of the constraints. Now we need to choose an C* algebra AcW,& dense subspace DcH and a state fj, on A. Since 
our algebra is commutative one can identify it with an algebra of continuous functions on some compact space K and 
state with a measure on it. We assume that the following conditions are satisfied: 

• A is separable and its weak closure is equal to W. 

• For a pair <f>,</>' £T> let us define a complex measure on K by 

Hw(A) = (0, A<t>') , AeA. (Al) 

We assume that /i<M' is absolutely continuous with repsect to n and its Radon-Nikodym derivative is a continuous 
function on K. 
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This unambiguously define Hilbert spaces in direct integral. However construction depends on the choice made. 
Measure theoretic version in choice independent. 

In case of commuting quantum constraints Cj, / = 1, d we take as A an algebra of bounded continuous functions 
of Cj. In cases considered in this paper in some neighbourhood of po all H-Mnp will be isomorphic. In such a case, it 
accounts for the choices we made. 

In the case we are considering 

V = span{<S„ : DtR}® C °°(R) , (A2) 

and it also have a natural structure of a nuclear space [3j • We introduce also a notion 

V gr = sp&n{5 v : v € K} , (A3) 

that is also a nuclear space (as an limit of finite dimensional Hilbert spaces) . 

We assume some continuity of the Dirac observables F B . Namely, we assume the continuity of F T) (ip p )p with respect 
to p on the vectors from V i.e distribution kernel of F should be a continuous function. By formal definition we can 
take absolute continuity of the measure 

A®A^A®A' -> ((f>, AF D A'c//) (A4) 
defined on K x K with respect to p x p. We assume Radon-Nikodym derivative to be continuous. 
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